Abstract. We present an analytical solution of a massless scalar field collapsing in a three dimensional space-time with a negative cosmological constant, i.e. asymptotically AdS 3 . The Einstein and scalar field equations are formulated using double null Poincaré coordinates. Trapping horizons form when a critical parameter is p > 1. There are indications that the horizon radius r AH scales like r AH ∼ (p − 1) 
Introduction
The gravitational collapse of a scalar field in an asymptotically anti-de Sitter space-time can be used as a model of thermalization of a strongly coupled field theory using the AdS/CFT correspondence [1, 2, 3, 4] . Recently holographic thermalization has been explored using numerical methods as well [5, 6, 7] . Numerous work is devoted to AdS 3 [8, 9, 10, 11, 12, 13] , and issues related to stability [14, 15] .
Of particular interest are critical phenomena [16] , which were first observed in scalar field collapse by Choptuik [17] with three important features: scaling, echoing and universality. The fate of the space-time depends only on one parameter, p, which characterizes the initial data of the scalar field. If the initial data is large enough a black hole forms, and otherwise the scalar field scatters away and flat space-time remains. There is a critical value, p * , that separates the two scenarios and near critically, i.e. p p * , the mass of the black hole exhibits a scaling law
where the critical exponent γ is universal with respect to the initial data. The case of AdS 3 was considered in [9] , the five dimensional case in [18] and the framework for arbitrary dimensions in [19] ‡. It was conjectured in [22] that the critical exponent of the scalar field collapse corresponds to the BFKL scaling exponent γ BF KL on the field theory side, supported by the numerical gravity calculation of [18] which lies within the 1% error margin of the field theory calculation. The echoing stems from the selfsimilarity of the critical solution and can be obtained from the periodicity of the scalar field
where ∆ is the echoing period. In this paper we derive analytic solutions for the collapse of a massless scalar field in AdS 3 starting from a scaling ansatz for the dynamical variables [23] . The paper is organized as follows. In section 2 we present the Einstein-scalar field equations in doublenull coordinates in the Poincaré patch of AdS 3 , and make an ansatz of self-similarity (in analogy to the discussion of the Roberts solution [24, 25, 26] for the collapse of a scalar field [27] ). The novel solutions are given in section 3 and their properties are analyzed in section 4. In the Appendix we review the derivation of the BTZ black hole solution of [28, 29] in double null coordinates and also present an alternative derivation of the critical exponent. Finally we end with our conclusions. ‡ For higher dimensional spherical symmetric collapse without cosmological constant see [20, 21] 
Einstein -scalar field equations
The line element in the double-null coordinates u and v in the Poincaré patch is given by
with the cosmological constant Λ = − 1 L 2 . The Einstein-scalar field equations with a real massless field φ(u, v) are given by (a, b = u, v)
and can be rewritten in terms of the Ricci tensor as
In the following we keep the curvature radius finite and set L = 1, i.e. all the dimensionful quantities r, u, v are scaled by L and thus treated dimensionless. The gravitational constant is also set to κ = 1. Explicitly the equations of motion for the various components in (5) become (with ∂ u = ∂ ∂u
The Klein-Gordon equation for the scalar field reads
In the presence of the scalar field, the Ricci scalar is modified as
To solve this system of equations analytically, we make a self-similar ansatz where we introduce the dimensionless coordinate η ≡ u v . The scalar field and the metric components in (3) are expressed as
where we setκ = 0 in the following,
and
This ansatz leads to a system of equations where only the variable η appears. Denoting d dη = the equations of motion (6-9) can be written as
The Klein-Gordon equation (10) reads
which is solved by
Solutions
Despite the non-linear structure of (15-18), somewhat surprisingly, analytic solutions can be found. This can be done by recasting the equations of motion into an equation for an anharmonic oscillator as we now show. The non-linear equation for f is derived from (16), (17) and finally (20),
Equivalently a first order equation for f can be derived,
which uses the solution of (17), where α = 0,
In the following it is, however, convenient to continue with (21) and write it as
Introducing the new variable x implicitly by defining
and replacing f by a new function y(x),
an equation for an "anharmonic" oscillator follows [30] 
This can be integrated to give
This equation is equivalent to (22) by identifying y by f and fixing the constants bỹ
Without loss of generality the constant A is fixed by A = α 2
, and for 1 − 4E σ 2 = p, the following cases have to be distinguished,
Equation (28) is integrated in terms of the elliptic integral
with the boundary at η = u v = 1, y = ∞ i.e. r = 0. It is important to distinguish the cases (i) -(iii) of (30) .
For p = 0 the integral of (31) can be performed to give
This is very similar to the solution (A.6).
(ii) 0 < p ≤ 1 :
For 0 < p < 1 the integral of (31) can be given in terms of the Jacobian elliptic functions sn(û|m) and cn(û|m),
where the conventions from [31] are used. An independent solution with the boundary located at η = u/v = 1 and y = 0, i.e. r → ∞, reads
In the special case p = 1, or (m = 1), this reduces to
All the above solutions do not have an apparent horizon, since g ab ∂ a r ∂ b r = 0.
For the case p > 1 the solution is again given in terms of the Jacobi elliptic functions
with
Since p > 1, m is limited to be 1 > m > 1 2 . For p > 1 another independent solution for r with the boundary η = 1 at
which is periodic inû as the solution (36).
Properties of the solutions
We are now ready to investigate the properties of the solutions. For all the cases considered above, the metric (3) can be written as
where we have usedc = α 2 (1 − p 2 )/2. The metric now depends only on the different radial functions r(u, v) obtained in the previous section. For compact notation, we suppress the arguments of the function r(u, v) = r, but it should be remembered that r is not a coordinate but rather a function of the coordinates u and v.
The Ricci scalar (11) becomes
In the limit r → 0 this is singular but approaches the value of pure AdS if the first term on the right hand side vanishes. To investigate the presence of an apparent horizon, we compute the expression [32] 
which vanishes for r 2 AH = M > 0 (at the apparent horizon), where M is the MisnerSharp black hole mass [33] . Therefore an apparent horizon is only present if a solution to
exists. One can check that the family of solutions for which 0 < p ≤ 1 never satisfies the above condition and a naked singularity forms at r(u, v) = 0 as can be seen from (40). Therefore, in the following we focus on the solutions with p > 1 which show critical behaviour and the formation of an apparent horizon.
Black hole formation for p > 1
In this section we investigate the properties of the space-time of (36) . In order to make this solution more transparent it is convenient to start from the metric of (39) and introduce the new variables U and V by the transformations
This leads to the conformally flat metric
where
The function r is periodic because of the properties of the elliptic function sn(û|m),
where the period is given by
In what follows we will concentrate on the first interval where r is positive
All the conclusions are valid for the other intervals as well, since they are merely repetitions of the first interval. Patched together they fill out the whole space-time. This is a consequence of the self-similarity imposed by the ansatz we made for the metric functions r and σ in (3). With the further transformation
the metric becomes diagonal, −dU dV = −dt 2 + dz 2 . In the limit z t, −U/V 1 + O(t/z), the metric approaches the AdS 3 -vacuum one,
where the curvature is given byL 2 → 1/4 for p 1.
Apparent horizon
To identify the location of the apparent horizon we have to find solutions to (42) which reads
The expression in the square brackets can be factorized as
When the expression in the first square brackets vanishes, we get
indicating the presence of an apparent horizon. Using the concept of trapping horizons introduced in [34] , we can find the properties of the apparent horizon by looking at the derivatives (U = 0, V = 0)
When ∂ V r = 0 it follows from (54) that
at the apparent horizon. Therefore ∂ U r < 0 and ∂ U,V r < 0 at r AH , which implies the presence of a "future outer trapping horizon" (FOTH), i.e. a black hole atû =û AH , according to the definitions of [34] .
Critical exponent
Knowing the precise location of the apparent horizon enables us to determine the critical exponent from the expression of the mass (41) which takes the compact form
and is positive everywhere. At the apparent horizon the mass takes the simple form
for fixed U V . Near the critical value p ∼ 1 the mass scales with the exponent γ = 1/2 as defined in (1). In order to eliminate the divergence for U V → 0, which is due to the breakdown of the self-similarity, one may normalize by the mass (59) (see the discussion in [26, 35] ), by keeping the ratio sn/dn = constant = 1,
such that
In Appendix C the critical exponent is obtained following the lines of [26, 36] . This method does not need normalization and uses the fact that there is a fixed saddle point that bifurcates the phase flow between the black hole and the flat space-time. Using this method we also find a critical mass exponent of γ = 1 2
In [8] V. Husain and M. Olivier calculate numerically an exponent of γ = 1.62 and Choptuik and Pretorius [9] find γ/2 = 1.2 ± 0.05 using a different method.
Scalar field
Next we investigate the behaviour of the scalar field. The expression for the scalar field is obtained from (20) 
in terms of the elliptic function ds = dn/sn and has poles at sn(û|m) = 0, i.e. for u = 2nK(m). This equation can be integrated and thus the scalar field is (up to an integration constant) given by
with Ψ(û) = 0 atû = K(m = 1+p 2p
) and diverging atû = 0. At the past singularity, r → 0 forû = 0, the field is diverging like φ → −∞, since cn(û|m) → 1. In the asymptotic AdS region, −U/V → 1, the scalar field is constant. At the horizonû AH the field is finite and increasing, φ AH > φ AdS . Finally, as r → 0, (49)), and the field is diverging like
The space-time starts in a singularity, forms an apparent horizon and finally ends in a big crunch. Starting at φ AdS it crosses the horizon φ AH and diverges (implodes) approaching the singularity r → 0. Therefore we can replace the past region t < 0 by pure AdS 3 and match it smoothly to the t > 0 region. Once the scalar field is turned on it is impossible to reach the asymptotic boundary and everything will cross the horizon and end in the singularity. Due to the periodicity of the elliptic functions, we can read off the echoing period (2) and is simply given by with K(m) given in (47). In summary, the Penrose diagram in figure 1 shows the behaviour of the solution (36) , by using the coordinates U = tanũ and V = − tanṽ. For the solution (38), the situation is essentially the same.
Conclusion
In this paper we analyzed the collapse of a massles scalar field in 3 dimensional spacetime with a negative cosmological constant. After imposing self-similarity on the fields we find novel analytic continuous self-similar solutions in terms of Jacobi elliptic functions. In accordance with previous studies we find that the fate of the space-time depends only on one parameter. The solutions show critical behaviour with a scaling law for the mass in the critical region
with a critical exponent γ = . If the parameter p is large enough, p > 1, an apparent horizon forms. For these solutions the space-time emerges from an initial singularity, forms an apparent horizon and ends in a big crunch and repeats itself for eternity. If the initial condition is in the range 0 < p < 1 the scalar field collapses to form a naked singularity. This is expected since the scalar field has no potential which would counterbalance the gravitational force. A critical exponent of γ = was also found for self-similar spherical scalar field collapse in four dimensions [26, 35] , in the case of the collapse of thin rings of dust [37] and in the two-dimensional RST model [38] . Interestingly, in [39] it was conjectured that γ = .
